Two multicomponent generalizations of the AKNS-type spectral problems associated with sl(2, R) and so(3, R) are introduced and the corresponding two hierarchies of generalized multicomponent AKNS-type soliton equations are presented by the standard procedure, respectively. By virtue of the trace identity, bi-Hamiltonian structures which lead to a common recursion operator are established for each of the two resulting soliton hierarchies. And thus the Liouville integrability is shown for all systems in each of the two new generalized soliton hierarchies, seperately.
Introduction
In literature, there has been a lot of work on how to generate soliton hierarchies from matrix spectral problems or Lax pairs by standard procedure [1] [2] [3] [4] [5] . Among these examples, there are the celebrated Korteweg-de Vries(KdV) hierarchy, Ablowitz-Kaup-Newell-Segur(AKNS) hierarchy, Kaup-Newell(KN) hierarchy, Wadati-Konno-Ichikawa(WKI) hierarchy, the Dirac hierarchy and the Boiti-Pempinelli-Tu(BPT) hierarchy [6] [7] [8] [9] [10] [11] . Soliton hierarchies generated from spectral problems often possess bi-Hamiltonian structures and are integrable in the sense of Liouville. The corresponding bi-Hamiltonian structures can be established by the variational identity [12, 13] , particularly by the trace identity when the underlying matrix loop algebra is semisimple [14] .
Recently, Ma etc. successfully proposed some new matrix spectral problems by generalizing the classical AKNS, KN and WKI spectral problems associated with the Lie algebra sl(2, R) to the ones associated with the Lie algebra so(3, R), derived their corresponding soliton hierarchies and established bi-Hamiltonian structures by standard procedure described in [14] [15] [16] [17] .
The three-dimensional real special orthogonal Lie algebra so(3, R) consists of 3 × 3 skewsymmetric matrices. This Lie algebra is simple and has the basis The derived algebra of so(3, R) is so(3, R) itself. The other real three-dimensional Lie algebra with a three-dimensional derived algebra is sl(2, R) which has been widely used in soliton theory. In fact, assume that the Lie algebra sl(2, R) has the basis
it is not difficult to prove that the basis e ′ 1 , e ′ 2 and e ′ 3 satisfy the following relations
The classical AKNS spectral problem reads as
In [15] , Ma generalized the spectral problem (1.3) to the one associated with so(3, R):
In [18] , Yan etc. proposed another generalization of (1.3):
Stimulated by Ma's and Yan's work, in [19] , we proposed the following spectral problem:
In this paper, we shall generalize the above two spectral problems (1.5) and (1.6) to their multicomponent counterparts, study their corresponding integrable soliton hierarchies and biHamiltonian structures, and finally prove their Liouville integrability, respectively.
2 A hierarchy of generalized multicomponent AKNS equations associated with sl(m + 1, R)
A hierarchy of generalized multicomponent AKNS equations
Let m be an arbitrary natural number. We consider the following (m + 1) × (m + 1) matrix spectral problem which we call the generalized multicomponent AKNS spectral problem
where λ is a spectral parameter, I m is the m × m identity matrix and
To derive the corresponding soliton hierarchy, let us first solve the stationary zero-curvature equation
We assume the solution W is given by
where a is a scalar, b T and c are m-dimensional column vectors, and d is an m×m matrix. Therefore the stationary zero-curvature equation (2.4) is equivalent to
As a consequence, we can also derive that
Let us seek a formal solution of the type
with b (k) , c (k) and d (k) being assumed to be
Under these assumptions, we have the following recursion relation
(2.10) from which, we can obtain the recursion relation for b (k) and c (k) :
with L given by
(2.12)
By choosing the initial values to be 13) and requiring that 14) we can determine the sequence
The first few sets can be computed as
Next, let us introduce the auxiliary problem
where P + denotes the polynomial part of P in λ. The compatibility condition of (2.1) and (2.15) generates the zero-curvature equation
By assuming e n = −mf n and h n = f n I m , we have
Thus we can solve f n to get f n = β(m+1)a (n+1) . We finally obtain the generalized multicomponent AKNS hierarchy 19) which can be rewritten as
with
Among the soliton hierarchy (2.20), the first nontrivial nonlinear systems is 
Bi-Hamiltonian structures and Liouville integrability
In order to establish bi-Hamiltonian structures of the generalized multi-component AKNS hierarchy (2.20), we shall use the trace identity
It is direct to calculate that
By substituting (2.24) into the trace identity and balancing the coefficients of each power of λ, we have
To determine the constant γ, we can simply let k = 1 in the above equation and get γ = 0. Thus we obtain δ δu
with the Hamiltonian functionals being defined by
then we have
Conversely, we have
It follows from the above results that the soliton hierarchy (2.20) has the Hamiltonian structures
where J is a Hamiltonian operator given by
It is obvious that G (n+1) = ΨG (n) with Ψ = N −1 LN . From K n+1 = ΦK n , n ≥ 0, and JΨ = ΦJ, we derive a common recursion operator [20] for the generalized multicomponent AKNS hierarchy (2.20) given by
where Ψ † denotes the adjoint operator of Ψ. The explicit form of Ψ is given by
It is now a straightforward computation to show that all members in the soliton hierarchy (2.20) are bi-Hamiltonian:
where the second Hamiltonian operator M given by M = ΦJ. The entries of M are defined by
The soliton hierarchy (2.20) is Liouville integrable, upon noticing that the vector fields K n , n ≥ 1 possess distinct differential orders and that the common conserved functionals {H n } ∞ n=0 and symmetries {K n } ∞ n=0 commute:
and
Remark 1. When we set m = 1 and β = 0 throughout Section 2, we can recover a series of results on the classical AKNS spectral problem considered in [7] .
Remark 2. By setting m = 1 and β = µ in Section 2, we can obtain the results on the matrix spectral problem proposed by Yan etc. in [18] .
Remark 3. When β = 0, the generalized multicomponent AKNS spectral problem (2.1), its corresponding soliton hierarchy (2.20) and bi-Hamiltonian structures (2.34) are reduced to the ones considered in [21] .
3 A hierarchy of generalized multicomponent AKNS-type equations associated with antisymmetric matrices of (m + 2)-th order
A hierarchy of generalized multicomponent AKNS-type equations
In this section, we will consider the following matrix spectral problem which we call the generalized multicomponent AKNS-type spectral problem
where m is an arbitrary natural number, λ is a spectral parameter, I m is an m × m identity matrix and
Following the standard procedure, let us first solve the stationery zero-curvature equation
A direct calculation also tells us that
Upon letting
the system (3.4) leads to (3.8) which yields the recursion relation
By choosing the initial values to be 10) and requiring that
we can determine the sequence
To construct the auxiliary spectral problem, let us take
with f n = −2m 2 βa (n+1) . The compatibility condition of (3.1) and (3.12) generates the zerocurvature equation
which is equivalent to
(3.14)
Actually we can solve f n to get f n = −2m 2 βa (n+1) . Finally we derive the generalized multicomponent AKNS-type hierarchy
The first nontrivial nonlinear system in (3.15) is
Bi-Hamiltonian structures and Liouville integrability
To construct the Hamiltonian structure of the generalized multicomponent AKNS-type hierarchy (3.15), we shall use the trace identity
By detailed calculations, we have
Substituting (3.17) into the trace identity (3.16) and balancing coefficients of each power of λ, we have
To determine the constant γ, we can simply set k = 1 to get γ = 0. In this way we have
Denote that
From the obtained results, it follows that the soliton hierarchy (3.15) has Hamiltonian structures
where J = RN is a Hamiltonian operator defined by
Similar to Section 2, we can derive a common recursion operator Ψ = N † L † N − † for the generalized multicomponent AKNS-type hierarchy (3.15) given by
The soliton hierarchy (3.15) also has bi-Hamiltonian structures
where the second Hamiltonian operator M is given by M = ΦJ. The entries of M are defined by The soliton hierarchy (3.15) is also Liouville integrable, upon noticing that the vector fields K n , n ≥ 1 possess distinct differential orders and that the common conserved functionals {H n } ∞ n=0 and symmetries {K n } ∞ n=0 commute: Remark 5. By setting m = 1 throughout Section 3, one can recover the results presented by Li etc. in [19] .
Conclusions
In this paper, we propose two generalized multicomponent AKNS-type spectral problems associated with the Lie algebra sl(m + 1, R) and anti-symmetric square matrices of (m + 1)-th order, respectively. We derive their corresponding soliton hierarchies by the standard procedure, establish their bi-Hamiltonian structures by using the trace identity and thus prove the Liouville integrability for the systems in each of the two soliton hierarchies separately. We would like to remark that these two matrix spectral problems and their corresponding results can be reduced to the ones considered in [7] , [18] , [21] , [15] and [19] , respectively, by choosing m and β appropriately. As a side product, we obtain some interesting identities presented in Appendix.
